6 are modified to estimate the most energetic turbulent features of a Mach 0.85, axisymmetric jet in the prominent sound-source regions of the flow via Spectral Linear Stochastic Estimation.
I. Motivation
One of many challenging difficulties in turbulence is the ability to not only capture the spatial features of the full turbulent structure, but also their dynamical characteristics. With the introduction of the Personal Computer in the laboratory environment, the ability to reproduce both the spatial and temporal features of the large-scale structure has become more promising. For the experimentalist, this challenging obstacle still exists, even with Time-Resolve PIV systems, Digital Holography, and now Tomographic PIV systems. In this paper, we will revisit an analytical method that has already been proposed for improving the ability to capture both the spatial and temporal characteristics of the turbulence structure. The interest in this approach where aeroacoustics is concerned, is in the practicality of sensing and predicting the large-scale turbulent events of a flow, which are quintessential to the production of noise in high speed subsonic jet flows (either by means of a transport mechanisms for noise sources, or for generating noise themselves). Thus, with such a tool, the ability to first identify, then predict, and eventually control these sources of sound is now promising. Of course, there are still many obstacles concerning the reduction of noise by control (pulsed microjets, dynamic lobe mixers/chevrons, plasma actuators), and in this paper, we will refrain from such a discussion.
We will thus present a recipe for obtaining the time-varying coefficients for a LODS model of a subsonic axisymmetric jet flow through a spectral form (multi-time) stochastic estimate of the POD coefficients. The analysis is somewhat unique a in that both the pressure and velocity fields are reduced to their low-order coefficients (Fourier-azimuthal and POD, respectively), from which a conditional average is perform and spectral estimation coefficients are obtained. While there are different ways in which the analysis techniques for this LODS model may be derived, they are here presented in a form that is tailored to the design of this experiment, the arrangement and characteristics of the instruments and to the objectives that we seek to accomplish. A concerted undertaking of similar spirit has been recently developed for separating "noisy" flow events from "quiet" flow events 16 which has been dubbed MOD.
II. Description of the experiment

A. The velocity field
The experiments were conducted at Syracuse University's 206m 3 fully anechoic chamber, the highlights of which are discussed elsewhere. 26 The principle measurements comprise an unheated axisymmetric jet with a centerline exit velocity U cl corresponding to a Mach number of 0.85 (Re D = 1 × 10 6 ). The nozzle diameter is D = 50.8mm and the flow exits into an ambient environment with temperatures around (283
• K). Flow field measurements were performed along the (r, θ)-plane of the jet at discrete streamwise locations between x/D = 3.0 and 8.0 (∆x/D = 0.25) using a Dantec Dynamics stereo (three-component) Particle Image Velocimetry (PIV ) system. Mean and turbulence velocity ratios were shown 31 to agree well with the jet flow measurements reported by others. 
B. The pressure field
The characteristics of the pressure field within the periphery of the hydrodynamic region of subsonic jet flows has been described elsewhere in the literature 19, 3, 24, 14, 10, 29 as it pertains to the footprint of the large-scale turbulence. A subset of these investigations 14, 29 were in fact understudies to the current analysis approach of this Mach 0.85 flow. The near-field pressure measurements presented here comprised an azimuthal array of fifteen Kulite XCE-093 model, pressure transducers, equidistantly separated by ∆θ=24
• , sampled at 30kHz. The pressure wave spectra 3 determined from these measurements manifest the typical distinction between the hydrodynamic (kr −6.67 s ) and acoustic signatures (kr −2 s ). 3, 10, 29 Due to the azimuthal arrangement of these transducers, the Fourier-azimuthal eigenspectra could be computed and is shown in figure 1b. The simplicity of the eigenspectra is striking, considering the large quantity of energy in the higher azimuthalmodes governing the jet's turbulent velocity.
?, 9, 30 Although the measurements in the current investigation a Aside from subtle differences in our theoretical design, the Extended-POD technique 7 has close proximity to the current analytical recipe for producing time-varying coefficients from the joint second order statistics between the low-order coefficients of interrelated quantities that exist within the same sub-domain.
are confined to a fixed region in space near the nozzle exit plane the pressure field surrounding the turbulent jet has been shown to be fairly analogous to the axial position in the flow. The peak Strouhal number of the pressure field is however influenced by the axial station where measurements are performed and will be important to the selection of the estimation technique discussed later.
A sample time series is shown in figure 2 
III. Low-dimensional analysis tools
A. Proper Orthogonal Decomposition
A decomposition of the velocity measurements was performed via Proper Orthogonal Decomposition 22, 13, 5 using both scalar and vector forms of the technique. Since the formulations for the full source field in any acoustic analogy comprises vorticity terms, the low-dimensional features of all three velocity components are essential so that terms like ∂u i /∂x j can be computed for i, j = 1, 2, 3. The full (time suppressed) vector form of the integral eigenvalue problem is shown as follows,
and is necessary for establishing a nomenclature for any of the subsequent analysis to be referred to. The kernel B ij (r, r , m; x) used in the maximization comprised a Fourier transformed (ϑ → m) two-point velocity cross-correlation tensor,
as is typically done with flows that are statistically invariant in azimuth. The cross-correlation tensor was created using all nine normal and shear stress components and was generated by ensemble averaging over 1,250 statistically independent PIV snap-shots of the flow acquired at each of the 21 axial stations studied.
Since the POD eigenfunctions represent an ordered sequence of optimized spatial functions comprising the most amount of energy per mode than any other linear expansion, they can be used to reconstruct the Fourier transformed kernel in (2) as follows,
where B
(n) ij (r, r , m; x) = B ij (r, r , m; x) for all of n = 1 to cN , and ( * ) denotes the complex conjugate. c represents the number of components used in the vector application (3) and N is the number of points that were measured in r. In figure 3 , the original turbulence profiles are shown along side a low-order reconstruction of the kernel using (4) and the most energetic Fourier-azimuthal modes m = 0 to 11 and POD modes n = 1 & 2 of the flow. The profiles are plotted using η(x) = (r − r 0.5 )/x where r 0.5 is the radial location where the mean velocity is 50% of the jet exit velocity and the low-dimensional kernel is obtained from an inverse Fourier transform of B (n) ij (r, r , m; x) and is shown here for i = j and r = r . It is clear that the shape of the original profiles have been preserved using only a small fraction of the total number of modes. Because of the PIV instrument's characteristics, time is a statistically independent realization (t s ) rather than a continuous function (t). Thus, it is not possible to reconstruct a dynamical low-dimensional model of this jet flow without additional work. This of course poses to be one of the limitations of the selected instrument, whereby temporal resolution was compromised for spatial accuracy. Therefore, in order to obtain a time-resolved dynamical model of the flow's low-ordered features, we will resort to a modified form of the Complementary Techniques 6 using a Spectral Linear Stochastic Estimation procedure. 11, 28 The Modified Complementary Technique using SLSE (and other unique twists) is itemized as follows.
The velocity field
• The Reynolds stress matrix R ij (r, r , ϑ, x), comprising all nine normal and shear stress terms, is constructed (3) using the statistically independent ensemble of PIV measurements (time suppressed).
• A Fourier-azimuthal decomposition of the Reynolds stress matrix(ϑ → m) is performed using (2) at each radial and axial position, from which the empirical eigenvalues Λ (n) (x; m) and eigenfunctions
• The time-varying coefficients (statistically independent) are constructed which are random and uncorrelated,
The pressure field
• Similar to the velocity, the pressure field is reduced to its low order coefficients using Fourier series expansions in azimuth and time b . This is performed in a variety of steps starting with the single-point b A formulation using POD can be inserted in place of Fourier, thus permitting an outline for the MCT when inhomogeneous systems may be considered, i.e. a line array of near or far-field pressure.
statistics,
followed by the two-point statistics,
Linear Stochastic Estimation
• A stochastic estimation 1 is then performed to link the pressure modes to the velocity modes, that is p(m; t) ⇔ a (n) (m; x, t s ) using spectral estimation coefficients. Recalling the following relationship for orthogonal and uncorrelated coefficients,
a simplification to the system of equations can be inserted by truncating orthogonal and non-correlating modes,
• A cross-spectral correlation matrix is then generated comprising the POD expansion coefficients from the velocity measurements (5), the Fourier-azimuthal / time-dependent pressure coefficients (6) and the simplification of (11) as follows,
• Complex spectral estimation coefficients are obtained,
thus completing the link between the velocity and pressure fields in mode space.
• An estimate of the POD expansion coefficients' temporal frequency is performed,
from which its temporal characteristics are then resolved:
• The expansion of the time-varying coefficients onto the POD bases is performed,
followed by a transformation from m to space θ,
As we will see from this procedure, the model estimate is capable of being fully three-dimensional, comprising all three components of the velocity field and resolved in time. Attention to Poisson 12 should be exerted concerning the estimate using linear coefficients 29 .
B. Coupling mechanisms between the low-order field
The space-time correlations from which the pressure-velocity cross-spectra are obtained are illustrated in figure 4 using the following expression,
for all three velocity components from the scalar POD decomposition. The decay of the correlation amplitudes with increasing mode numbers (POD and Fourier) are not surprising, and were in fact anticipated, following the discussions of others. 4, 23, 12 These correlations are a dramatic improvement over more recent attempts 14, 29 and the advantages that are obtained with such a low-order system.
i (x, τ ; 2) ξ 
IV. Low-Order Dynamical Estimate
A low-order dynamical reconstruction of the velocity field from the pressure field is here presented in order to develop an intuition for the three-dimensional, three-component, time resolved low-order behavior of the jet flow. A sample of the cross-spectra is shown in figure 5 . Thus, as we have seen in the space time correlations, the changing time-scales of the most energetic flow modes are preserved in the spectral estimate and are seen here in the pressure-velocity-mode cross spectra.
Sample space-time topologies of the estimated POD expansion coefficients are shown in figure 6 using the first two Fourier modes and POD mode 1 from the vector decomposition. Clear trends are manifest in all of the contours thus characterizing the convective nature of the low order turbulent modes relative to the stationary pressure array. What is striking about these results is the sensitivity of the pressure field to the events which are up to seven jet diameters away at x/D = 8.0 from the pressure array situated at x/D = 0.875.
A. A slice of the jet
A slice along the (r, θ) plane of the jet using the axial component of velocity is purposely selected from the model estimate in the current study so as to compare with the dynamical models of others 9, 25, 17 and the identification of "volcano-like" eruptions. Since the LODS model is now time resolved, (∆t = 1/30kHz based on the sampling speed of the pressure array) with respect to the characteristic frequency of the jet flow we are capable of illustrating the life-cycle of this eruption event at Mach 0.85. In figures 7, a slice at x/D = 3.0 is shown for a series of successive time-steps. This sequence has been purposely selected as it clearly illustrates the life-cycle of a bursting event. These reconstructions are performed using the first few Fourier-azimuthal and POD modes (m=0+1+2 and n=1+2) since there is an irreversible pressure filtering effect inherent in the estimate. A model estimate comprising 200 time steps was found to produce on the order of fifteen bursts that were similar to the ones shown in figure 7 , thus resulting in a burst frequency of St D ≈ 0.41. It is very likely that these bursts are related to the "volcano-like" eruptions that were observed in the low Mach number and Reynolds number studies. V. A prediction of the far-field pressure.
A prediction of the far-field pressure is performed using the LODS model comprising a combination of the first few POD modes (n=1,2) and azimuthal modes (m=0,1,2). The prediction is performed using Lighthill's solution for the far-field sound 21 and thus constitutes an estimate using only those contributions that arise from the most energetic (pressure-filtered) turbulent modes. The analytical solution to Lighthill's expression for an unbounded flow produces an equation which is well known,
where a ∞ is the sound speed of the ambient, x and y are the source and observer locations, respectively, and T ij is Lighthill's stress tensor,
After several common simplifications, the only contributing term left in (18) is the Reynolds stress term: T ij = ρũ iũj . Thus, the source field of the LODS model is created using a full tensor i, j=1,2,3, and the density fluctuations associated with the hydrodynamic field are neglected since they are unavailable from the model estimate. The source field is computed using a second order accurate compact finite difference routine, a higher order scheme (6 th order accurate) not being found to have any impact on the quality of the calculation. In figure 8 a static illustration of the model flow using the second invariant Q 15 is shown along side its corresponding source field using isosurfaces at 3% of the maximum (positive and negative fluctuations are denoted by grey-scale and blue, respectively). In figure 9 , a prediction of the far-field acoustics are estimated at 90
• and 60
• , respectively, (relative to the jet axis). The ordinate axes have been labelled using the retarded time delay that corresponds to the model's initial time step (t 
At 90
• in figure 9a , the retarded time topology is shown to manifest much higher frequency motions relative to the signatures observed at 60
• . More specifically, the topology at 60
• , demonstrate a convecting pattern of several wave-packet-like source events. To this end, we have produced a model flow comprising only the low-order features of the jet turbulence, whose events expand with the expanding shear layer and with life-cycle's that are relatively unbroken as they convect through the prominent sound source regions of the flow. In this illustration the contribution to the high frequency signatures at 90
• have been shown to be a result of the low-order flow structures in the jet.
An additional effort is undertaken to compute the OASPL directivity ( figure 10 ) and the SPL spectra from the far-field prediction so as to compare with the direct measurements from a far-field array. A total of 1,200 time steps are computed for each model (two different azimuthal mode combinations). A deficiency in energy is manifest and is anticipated considering the low-dimensional nature of the model and the correlation that links the unconditional and conditional events in the spectral stochastic estimation. Aside from the small dip at 60
• , the results show qualitatively good agreement with the original measurements. Likewise, the far-field spectra are shown in figure 11 from the model estimate (n=1+2, m=0+1+2) , alongside the original microphone measurements, respectively. While the estimated trends are relatively sad, there is a global similarity with the original microphone measurements and the retarded time topologies in figure 9 . In particular, the 90
• observer in the predicted spectra comprises significant peaks in the high frequencies, while the shallow-angle observer (30 • ) is more broadband with prominent energies covering the lower-frequency end of the spectrum. A similar effect was observed using a model estimate comprising so-called "statistically accurate" mode combinations (i.e. n=1, and m=0+1), thus concluding that the estimated trends were less dependent on the POD-and Fourier-mode combinations, but rather on the choice of the far-field analogy (Lighthill) or the accuracy of the model estimate. 
VI. Final remarks
An investigation into the low order behavior of the velocity field, and its capacity to drive the signatures in the near pressure field located within the periphery of the hydrodynamic region of a Mach 0.85 axisymmetric jet flow, has been presented using a purely empirical set of data. The reduction of both the pressure field and the velocity field into coefficients that were representative of their low order behaviors was also shown to provide the most effective means (thus far) by which the two fields could be related, when compared to former attempts.
14, 27
A dynamical model estimate using only the most energetically related pressure-velocity modes identified a bursting-like event which occurred with a regularity coinciding with the characteristic Strouhal number of the jet and occurred near the collapse of the potential core. This burst like event was similar to the "volcano-like" eruptions that were observed in the low Mach number, low Reynolds number studies 9 and is thought to be responsible for the bulk of the noise production near the collapse of the potential core.
Predictions of the far-field pressure were performed using Lighthill's analogy from which the retarded time topologies were shown to manifest high frequency motions at steep angles to the jet axis (90 • ), relative to lower frequency motions at shallow angles to the jet axis (60 • ). The low-frequency motions of the source field comprised wavy patterns that followed along lines with oblique angles to the characteristic time scale of the flow, appearing thus to be a consequence of the "volcano-like" bursting event illustrated in the model estimate. Estimates of the OASPL directivity agreed reasonably well with far-field measurements performed in situ. This work, thus constitutes a benchmark for developing dynamical system models from hydrodynamic pressure signatures for estimating and predicting the behavior of the deterministic energy containing events that govern many of the physical constituents in turbulent flows.
There are of course many areas in which we can improve and expand on the current research approach. Foremost, as the POD bases are empirically derived from the turbulent kinetic energy of the flow, rather than a pressure filtered rendition of the velocity field, the bases manifest contributions from fluctuations that are conceivably irrelevant to the pressure field. To this end, a further refinement to the linear estimate of velocity fluctuations from pressure fluctuations (or vice versa) could be performed by deriving empirically, a POD bases for the velocity field that is first pressure filtered. A first demonstration of this was recently shown by Tinney et al.(2007) . 29 The difference being a bases set (velocity) derived from a pressure filtered kernel, rather than a kernel comprising the full turbulent kinetic energy spectrum. A concerted undertaking of similar spirit has been recently developed for separating "noisy" flow events from "quiet" flow events 16 and has been dubbed MOD. In hindsight, the results demonstrated here manifest an acute similarity to the aforementioned study, 29 that is a preservation of only the low-order modes of the flow m=0,1,2, where hydrodynamic pressure filtering effects are implicit to the estimate. Thus the true physics will never be completely disciplined by the selection of techniques that one chooses to employ! VII. Acknowledgement
